This paper presents two generalizations, one of prime submodules called S(N )−locally prime submodules and the other of weakly prime submodules called S(N )−weakly prime submodules. Several properties of prime and weakly prime submodules have been generalized to these new types of submodules and some characterizations of each type are given.
Introduction
Let M be an R−module and N a proper submodule of M. N is called a prime submodule of M if for r ∈ R, m ∈ M, the condition rm ∈ N implies that m ∈ N or rM ⊆ N [8] and it is called a weakly prime submodule if 0 = rm ∈ N, where r ∈ R, m ∈ M, then m ∈ N or rM ⊆ N [2] , or equivalently, if for r, s ∈ R and x ∈ M, the condition rsx ∈ N implies rx ∈ N or sx ∈ N [7] . In this case (N : M) = {r ∈ R : rM ⊆ N} is a prime ideal of R [6] and M is called a prime module if the zero submodule of M is a prime submodule of M [2] . A proper ideal P of R is called a weakly prime ideal if 0 = ab ∈ P , for a, b ∈ R, then a ∈ P or b ∈P [2] . A non empty subset S of R is called a multiplicative closed set if 0 / ∈ S and a, b ∈ S implies that ab ∈ S [3] . If S is a multiplicative closed set in R, then one can obtain an R S -module, denoted by, M S under the module operations ∈ M S [4] , so that when we say M S is a module we mean M S is an R S -module. An element r ∈ R is called prime to N if rm ∈ N, for m ∈ M, then m ∈ N [1] , thus r ∈ R is not prime to N if rm ∈ N for some m ∈ M − N. If we denote the set of all elements of R that are not prime to N by S(N) (or by S M (N)), then we have S(N) = {r ∈ R : rm ∈ N, for some m ∈ M − N}, specially, if N = 0, then S(0) = {r ∈ R : rx = 0, for some 0 = x ∈ M} and N is called a primal submodule of M if S(N) forms an ideal of R [1] . M is called a faithful module if (0 : M) = 0 [5] , where (0 : M) = {r ∈ R : rM = 0} and (0 : N) is defined as (0 : N) = {r ∈ R : rN = 0}. M is called a cyclic R−module if M = Rx, for some x ∈ M [9] .
The Results
First, we restate the following theorem the proof of which can be found in [3] .
If R is a commutative ring with identity, A, B are ideals of R and S is a multiplicative closed subset of R, then.
(1) A = B if and only if A P = B P for every maximal ideal P of R.
(2) A = 0 if and only if A P = 0 for every maximal ideal P of R. Now we give some preliminary results.
Proposition2.1. Let L and N be submodules of an R−module M. Then L ⊆ N if and only if L P ⊆ N P for every maximal ideal P of R.
Proof. Let L ⊆ N and P is any maximal ideal of R. To show L P ⊆ N P . If , for some y ∈ L and q / ∈ P , this implies that sqx = spy ∈ L, for some s / ∈ P . Then we have
Conversely, suppose that the condition of the proposition holds. Let x ∈ L and P be any maximal ideal of R, then we have
, for some y ∈ N and r / ∈ P , which implies that there exists s / ∈ P such that srx = sy ∈ N, where sr / ∈ P . Put sr = r p , so we have established that for each maximal ideal P of R there exists r p / ∈ P such that r p x ∈ N. Let S = {r p : P is a maximal ideal of R} and A =< S >. If A = R, then there exists a maximal ideal P 0 of R such that A ⊆ P 0 . In this case we get r p 0 ∈ P 0 , which is a contradiction and thus A = R, so that 1 ∈ A =< S >, that means there exist a finite number of maximal ideals P 1 , P 2 , ..., P n of R and r 1 , r 2 , ..., r n ∈ R such that 1 = r 1 r p 1 + r 2 r p 2 + ... + r n r pn . Then we have x = 1.x = r 1 r p 1 x + r 2 r p 2 x + ... + r n r pn x ∈ N. Hence L ⊆ N.
The above result leads to the following corollaries. Corollary2.2. Let L and N be submodules of an R−module M. Then (1) L = N if and only if L P = N P , for every maximal ideal P of R.
(2) By putting L = M in (1), we get N = M if and only if N P = M P , for every maximal ideal P of R.
Corollary2.3.
Let N be a submodule of an R−module M. Then N = 0 if and only if N P = 0 for every maximal ideal P of R.
It is necessary to mention that, if M is an R−module, A is an ideal of R and P a prime ideal of R, then one can easily get that (AM) P = A P M P and (A n ) P = (A P ) n , for every positive integer n. , for all a ∈ A, m ∈ M and p, q / ∈ P , so (AM) P = A P M P . Next, we introduce the following definitions.
Definition2.4.
A proper submodule N of an R−module M is called an S(N)−locally prime submodule of M if N P is a prime submodule of M P for each maximal ideal P of R with S(N ) ⊆ P .
Definition2.5.
Let M be an R−module. A proper submodule N of M is called an S(N)−weakly prime submodule if N P is a weakly prime submodule for each maximal ideal P with S(N ) ⊆ P .
Example2.6.
Here we give some examples which related to the conditions that given in our results. Consider Z as a Z−module. Take the zero submodule N = 0 of Z. Then one can get S(N ) = 0 and thus we have S(0) ⊆ P for each maximal ideal P of the ring Z and if N is a proper submodule of Z, then clearly we have 0 ∈ S(N ), that means {0} ⊆ S(N), so that S(0) ⊆ S(N). Now, one can easily show that S(< 6 >) =< 2 > ∪ < 3 >. We have < 2 >⊆ S(< 6 >) and < 3 >⊆ S(< 6 >), while we see that S(< 6 >) < 2 > and S(< 6 >) < 3 >. If m ∈ S(< 2 >), then we have qm ∈< 2 >, for some q / ∈< 2 >, so that qm = 2n, for some n ∈ Z. As q is not even it is odd, so q = 2k + 1, for some k ∈ Z and then we get (2k + 1)m = 2n, which gives m ∈< 2 >. Thus mZ ⊆< 2 >, so that m ∈ (< 2 >: Z). Hence we get S(< 2 >) ⊆ (< 2 >: Z).
Below we give a property of submodules related to the elements that are not prime to it.
Lemma2.7.
Proof. Let r ∈ (N : M), then rM ⊆ N. As N is proper, there exists x ∈ M and x / ∈ N, then rx ∈ N, which gives that r ∈ S(N). Hence (N : M) ⊆ S(N). Proposition2.8. Let M be an R−module and S be a multiplicative closed set in R. If r ∈ R, s ∈ S and x ∈ M are any elements, then , so that there exists t ∈ S such that tsx = 0, if we put q = ts, then qx = 0, where q = ts ∈ S.
As especial case, if P is a prime ideal (resp. a maximal ideal), then R − P is a multiplicative closed set in R and by applying Proposition 2.8, we get the following corollary.
Corollary2.9. Let M be an R−module and P be a prime ideal (resp. a maximal ideal) of R. If r ∈ R, p / ∈ P and x ∈ M, then Proof. Let P be any maximal ideal of R such that S(N) ⊆ P . To show N P is a prime submodule of M P . By Lemma 2.7, we have (
∈ N P , which gives that rx ∈ N, for some r / ∈ P , this gives r / ∈ (N : M), that means rM N and as N is prime we get x ∈ N, so that we get N = M, that is a contradiction. Hence N P is a proper submodule of M P . Now, let ∈ M P (note that r ∈ R, x ∈ M and s, p / ∈ P ), the last relation gives that qrx ∈ N, for some q / ∈ P and as N is prime and q / ∈ (N : M), we get rx ∈ N. Hence we get x ∈ N or rM ⊆ N. This leads either to
Next, we prove that weakly prime submodules are S(N)−weakly prime. Proposition2.11. Every weakly prime submodule N of an R−module M is an S(N )−weakly prime submodule.
Proof. Let P be any maximal ideal of R with S(N) ⊆ P . By the same argument as in the proof of Proposition 2.10, we can get that N P is a proper submodule of
, that is a contradiction, so we must have 0 = urx = rux ∈ N. As N is weakly prime, we get either ux ∈ N or rM ⊆ N. The former case leads to
∈ N P and the later case gives
Thus N P is a weakly prime submodule of M P . Hence N is an S(N)−weakly prime submodule. Now, we prove that prime submodules are characterized by the elements that are not prime to it and weakly prime submodules are characterized by the elements that are not prime to the zero submodule.
Theorem2.12. Let M be an R−module and N a proper submodule M. 
(2) If N is prime then it is weakly prime. Now, suppose that N is weakly prime. Let r ∈ S(N), then rx ∈ N, for some x / ∈ N. If rx = 0, then rx ∈ {0} and as x / ∈ N, we have x = 0, that is x / ∈ {0}, so that r ∈ S(0) and thus r ∈ (N : M) and if 0 = rx ∈ N and since x / ∈ N and N is weakly prime we get rM ⊆ N, that is, r ∈ (N : M), so that S(N) ⊆ (N : M) and thus by (1) N is a prime submodule of M.
In the next result we give a condition which makes proper submodules as S(N)−locally prime as well as S(N)−weakly prime submodules. Since every prime submodule is weakly prime, so we give. Corollary2.14. Let M be an R−module and N a proper submodule of M.
Here we give an example of a submodule which is both S(N)−locally prime and S(N)−weakly prime but it is niether prime nor weakly prime.
Example2.15. Take R = Z 12 and M = Z 12 as a Z 12 -module. Take N = {0, 6} as a submodule of Z 12 . We will show N is S(N)−locally prime and S(N)−weakly prime but neither prime nor weakly prime. Clearly, 0 = 2.3 ∈ N, but niether 2 ∈ N nor 3M ⊆ N(Note that niether 3 ∈ N nor 2M ⊆ N). Thus N is not weakly prime and hence it is also not prime. We will show that N is an S(N )−locally prime submodule. On the contrary, suppose that N is not S(N )−locally prime, so there exists a maximal ideal P of R with S(N) ⊆ P for which N P is not a prime submodule of M P . By simple calculations, we get S(N) = {0, 2, 3, 4, 6, 8, 9, 10}, so that 2, 3 ∈ P , which implies that 1 ∈ P , that gives P = R, which is a contradiction. Hence N is an S(N)−locally prime submodule of M and by Corollary 2.14, N is also an S(N)−weakly prime submodule of M.
In view of Proposition 2.10, Proposition 2.11, Corollary 2.14 and Example 2.15 we can say that S(N )−locally prime submodules are generalizations of prime submodules and S(N)−weakly prime submodules are generalizations of both prime and weakly prime submodules.
It is known that, if M is an R−module and P is a prime ideal (resp. a maximal ideal) of R, then R − P is a multiplicative closed set in R, then the localization of each ideal of R at P is an ideal of R P and conversely each ideal of R P is a localization of some ideal of R. This is true also for modules, that is the localization of each submodule of M is a submodule of M P and each submodule of M P is a localization of some submodule of M. Now, we establish some of these assertions.
Proposition2.16. Let M be an R−module and P a maximal ideal of R. If I is an ideal of R P and N is a submodule of M P , then:
(1) I = {a ∈ R :
∈ I} is an ideal of R and
∈ N} is a submodule of M and N = N P . Furthermore, if N is prime then N is so.
Proof.
(1) One can easily prove that I = {a ∈ R :
∈ I} is an ideal of R. To show I = I P . Let ∈ N , where x ∈ M and p / ∈ P . Now, we have
thus we get x ∈ N and hence
∈ N P , where x ∈ M and p / ∈ P . Then we have qx ∈ N, for some q / ∈ P and then we get Proof. Suppose that N = M, so there exists
∈ N P , then px ∈ N, for some p / ∈ P and as x / ∈ N, we get p ∈ S(N ) ⊆ P , that is a contradiction so that x 1 / ∈ N P . Hence we have N P = M P . Conversely, suppose that N P = M P . Then there exists x ∈ M and p / ∈ P such that
Here, we prove that the property of a module to be a faithful cyclic R−module can be transfered to its localization at maximal ideals.
Proposition2.18. Let M be an R−module. If M is a faithful cyclic R−module, then M P is a faithful cyclic R P -module for each maximal ideal P of R.
∈ M P and we will claim that
, so that M P is a cyclic R P -module. To prove M P is faithful. As M is faithful, we have ( ) = 0, that is, (0 : M P ) = 0. Thus M P is a faithful R P -module and hence M P is a faithful cyclic R P -module for each maximal ideal P of R.
Lemma2.19. Let M be an R−module and N is a proper submodule of M.
Proof. Let r p ∈ (N : M) P , for r ∈ R and p / ∈ P , then qr ∈ (N : M), for some q / ∈ P , so that qrM ⊆ N. If
∈ M P is any element, where x ∈ M and t / ∈ P , then we get qrx ∈ N. Now, we have
Lemma2.20. Let M be an R−module and N is a proper submodule of M. If P is any maximal ideal of R with S(N) ⊆ P , then (N
Proof. Suppose that Proof. Let r p ∈ (N : Rm) P , where r ∈ R and p / ∈ P , then qr ∈ (N : Rm), for some q / ∈ P . So that qrRm ⊆ N. If rRm N, then there exists s ∈ R such that rsm / ∈ N, but then qrsm ∈ N. This gives q ∈ S(N) ⊆ P , that is a contradiction, so that rRm ⊆ N. If s ∈ R and t / ∈ P are any elements, then (Rm) P ⊆ N P , so we get qrsm ∈ N, for some q / ∈ P , as in the previous steps, we get rsm ∈ N, that is rRm ⊆ N. This gives r ∈ (N : Rm), so that r p ∈ (N : Rm) P and thus (N P : (Rm) P ) ⊆ (N : Rm) P . Hence we get (N : Rm) P = (N P : (Rm) P ).
By putting N = 0 in the above we get the following corollary. Corollary2.23. Let M be an R−module and m ∈ M. If P is any maximal ideal of R with S(0) ⊆ P , then (0 : Rm) P = (0 : (Rm) P ).
Proposition2.24. Let M be an R−module, N is a proper submodule of M and P is a maximal ideal of R with S(N) ⊆ P .
( ∈ N P , so we get 
Proof. Suppose that N is S(N)−weakly prime. Let I be any ideal of R and L be any submodule of M with 0 = IL ⊆ N. As N is primal, S(N) is an ideal of R (it is proper since 1 / ∈ S(N)), so we have S(N) ⊆ P , for some maximal ideal P of R and then N P is a weakly prime submodule. Now, I P is an ideal of R P and L P is a submodule of M P with I P L P = (IL) P ⊆ N P . If I P L P = 0, then for all r ∈ I and all x ∈ L, we have
= 0, so that there exists q / ∈ P such that qrx = 0 ∈ S(0). By the same technjque as in the proof of Proposition 2.26, we get rx = 0, so that IL = 0, that is a contradiction. Hence 0 = I P L P ⊆ N P . As N is proper, by Theorem 2.17, we have N P is proper, so by [2, Theorem 2.4], we get I P M P ⊆ N P or L P ⊆ N P . By using the fact that S(N) ⊆ P , the case
Conversely, suppose that the given condition holds. Let P be any maximal ideal of R such that S(N) ⊆ P . As N is a proper submodule of M, by Theorem 2.17, we get N P is a proper submodule of M P . Now, let I be any ideal of R P and L be any submodule of M P with 0 = IL ⊆ N P . Then I = I P , for some ideal I of R and L = L P , for some submodule L of M (In fact, such ideal and such submodule exists, see Proposition 2.16). So that we get 0 = I P L P ⊆ N P . That is, 0 = (IL) P ⊂ N P , from which, by using S(N) ⊆ P , one can easily get that IL ⊆ N. If IL = 0, then (IL) P = 0, which is a contradiction, so that 0 = IL ⊆ N. Then by the condition of the proposition, we get either (3) ⇒ (1). To show N is an S(N)−weakly prime submodule of M, so let P be any maximal ideal of R such that S(N) ⊆ P . We claim that N P is a weakly prime submodule of M P . Let 
